The proposed work provides a new definition of the pressurederivative function [i.e., the β-derivative function, Δp βd (t)], which is defined as:
is the "Bourdet" well testing derivative) This formulation is based on the "power-law" concept (i.e., the derivative of the logarithm of pressure drop with respect to the logarithm of time) -this is not a trivial definition, but rather a definition that provides a unique characterization of "powerlaw" flow regimes. In addition, the Δp βd (t) function provides unique characteristic responses for cases of dual porosity (naturally-fractured) reservoirs.
The Δp βd (t) function represents a new application of the traditional pressure derivative function, the "power-law" differentiation method (i.e., computing the dln(Δp)/dln(t) derivative) provides an accurate and consistent mechanism for computing the primary pressure derivative (i.e., the Cartesian derivative, dΔp/dt) as well as the "Bourdet" well testing derivative [i.e., the "semilog" derivative, Δp d (t)=dΔp/dln(t)]. The Cartesian and semilog derivatives can be extracted directly from the power-law derivative (and vice-versa) using the definition given above.
Objectives
The following objectives are proposed for this work:
To develop the analytical solutions in dimensionless form as well as graphical presentations (type curves) of the β-derivative functions for the following cases: -Wellbore storage domination.
-Reservoir boundaries (homogeneous reservoirs).
Introduction
The well testing pressure derivative function, 1 Δp d (t), is known to be a powerful mechanism for interpreting well test behavior -it is, in fact, perhaps the most significant single development in the history of well test analysis. The Δp d (t) function as defined by Bourdet et al. [i.e., Δp d (t)=dΔp/dln(t)] provides a constant value for the case of a well producing at a constant rate in an infinite-acting homogeneous reservoir. That is, Δp d (t) = constant during infinite-acting radial flow behavior.
This single observation has made the Bourdet derivative, The answer is somewhat complicated in light of the fact that the Bourdet derivative function has almost certainly been generated for every reservoir model in existence. Reservoir engineers have come to use the characteristic shapes in the Bourdet derivative for the diagnosis and analysis of wellbore storage, boundary effects, fractured wells, horizontal wells, and heterogeneous reservoirs. For this work we prepare the β-derivative for all of those cases -but for heterogeneous reservoirs, we only consider the case of a dual porosity reservoir with pseudosteady-state interporosity flow.
The challenge is to actually define a flow regime with a
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The Pressure Derivative Revisited -Improved Formulations and Applications N. Hosseinpour-Zonoozi, D. Ilk, and T. A. Blasingame, SPE, Texas A&M University particular plotting function. For example, a derivative-based plotting function that could classify a fractured well by a unique signature would be of significant value -as would be such functions which could be used for wellbore storage, boundary effects, horizontal wells, and heterogeneous reservoir systems.
The purpose of this work is to demonstrate that the "powerlaw" β-derivative formulation does just that -it provides a single plotting function which can be used (in isolation) as a mechanism to interpret pressure performance behavior for systems with wellbore storage, boundary effects, fractured wells, horizontal wells.
The power-law derivative formulation is given by: where Δp d (t) is the "Bourdet" well testing derivative. In Appendix A we provide the definitions of the power-law β-derivative function for various reservoir models as shown below. The graphical solution (or "type curve") for each case of interest is shown in Appendix B, and categorized as shown below.
Specific Δp βd (t) Case:
Δp βd (t) App. A Table   App The origin of the β-derivative formulation Δp βd (t) was an effort by Sowers 2 to demonstrate that this formulation would provide a consistently better estimate of the Bourdet derivative function, Δp d (t), than the either the "Cartesian" or the "semilog" formulations. For orientation, we present the definition of each derivative formulation below:
The "Cartesian" pressure derivative is defined as: where Δp Pd (t) is also known as the "primary pressure derivative" [ref. 3 (Mattar) ]. The "semilog" or "Bourdet" pressure derivative is defined as: 3. Some type of weighted finite-difference or central difference estimate of either the "Cartesian" or "semilog" pressure derivative functions. This is the approach of Bourdet et al. 1 and Clark and van Golf-Racht 4 -this formulation is by far the most popular technique used to compute pressure derivative functions for the purpose of well test analysis, and will be presented in detail in the next section. 4 . Other more elegant and more statistical sophisticated algorithms have been proposed for use in pressure transient (or well test) analysis, but the Bourdet et al. algorithm (and its variations) continue to be the most popular approach, most likely due to the simplicity and consistency of this algorithm. To be certain, the Bourdet et al. algorithm does not provide the most accurate estimates of the derivative functions, but the predictability of the algorithm is very good, and the purpose of the derivative is as a diagnostic function, not a function used to provide an exact estimate. Some of the other algorithms proposed for estimating the various pressure derivative functions are summarized below:
• Moving polynomial or another type of moving regression function. This is generally referred to as a "window" approach (or "windowing").
• Spline approximation by Lane et al. 5 is a powerful approach, but as pointed out in a general assessment of the computation of the pressure derivative (Escobar et al. 6 ), the spline approximation requires considerable user input to obtain the "best fit" of the data, and for that reason, the method is less desirable than the traditional (i.e., Bourdet et al. 1 ) formulation.
• Gonzalez et al. 7 applied a combination of power-law and logarithmic functions to represent the characteristic signal and regression was used to find the "best-fit" to the data over a specified window.
• Cheng et al. 8 utilized the fast Fourier transform and frequency-domain constraints to improve Bourdet algorithm by optimizing the size of search window and they also used a Gaussian filter to denoise the pressure derivative data. This resulted in an adaptive smoothing procedure that uses recursive differentiation and integration.
Calculation of the β-Derivative Function
To minimize the effect of truncation error, Bourdet et al. 1 introduced a weighted central-difference derivative formula: The left-and right-hand subscripts represent the "left" and "right" neighbor points located a specified distance (L) from the objective point. The calc subscript represents the point of interest at which the derivative is to be computed. As for the L-value, Bourdet gives only general guidance as to its selection, but we have long used a formulation where L is the fractional proportion of a log-cycle (log 10 base). Therefore, L=0.2 would translate into a "search window" of 20 percent of a logcycle from the point in question.
This search window approach (i.e., L) helps to reduce the influence of data noise on the derivative calculation. However, choosing a "small" L-value will cause Eq. 6a to revert to a simple central-difference between a point and its nearest neighbors, and data noise will be amplified. On the contrary, choosing a "large" L-value will cause Eq. 6a to provide a central-difference derivative over a very great distance -which will yield a poor estimate for the derivative, and this will tend to "smooth" the derivative response (perhaps over-smoothing the derivative). The common range for the search window is between 10 and 50 percent of a log-cycle (0.10 < L < 0.5) -where we prefer a starting L-value of 0.2 [20 percent of a logcycle (recall that log is the log 10 function)].
Sowers 2 proposed the "power-law" formulation of the weighted central difference as a method that he believed would provide a better representation of the pressure derivative than the original Bourdet formulation. In particular, Sowers provides the following definition of the power-law (or "β") derivative formulation:
where: Multiplying the right-handside of Eq. 7a by Δp calc (recall that Δp calc is the pressure drop at the point of interest), will yield the "well-testing pressure derivative" function (i.e., the typical "Bourdet" derivative definition). Sowers 2 provides an exhaustive evaluation of the "power-law" derivative formulation using various levels of noise in the Δp function and found that the power-law (or β) derivative formulation always showed improved accuracy of the well testing pressure derivative [i.e., the Bourdet derivative function,
In addition, Sowers found that the β-derivative formulation was less sensitive to the L-value than the original Bourdet formulation -which is a product of how well the power-law relation represents the pressure drop over a specific period. Sowers did not pursue the specific application of the β-derivative function [Δp βd (t)=d ln(Δp)/dln(t)] as a diagnostic plotting function, as we have this work.
Type Curves Using the β-Derivative Function
Background: Without question, the Bourdet definition of the pressure derivative function is the standard for all well test analysis applications -from hand methods to sophisticated interpretation/analysis/modeling software. The advent of the β-derivative function as proposed in this paper is not expected to replace the Bourdet derivative (nor should this happen).
The β-derivative function is proposed simply to serve as a better interpretation device for certain flow regimes -in particular, those flow regimes which are represented by powerlaw functions (e.g., wellbore storage domination, closed boundary effects, fractured wells, horizontal wells, etc.).
In the development of the models and type curves for the β-derivative function, we reviewed numerous literature articles which proposed plotting functions based on the Bourdet pressure derivative or related functions (e.g., the primary pressure derivative (ref. 3) ). In the late 1980's the "pressure derivative ratio" was proposed (refs. 9 and 10), where this function was defined as the pressure derivative divided by the pressure drop (or 2Δp in radial flow applications)) -this ratio was (obviously) a dimensionless quantity. In particular, the pressure derivative ratio was applied as an interpretation device -as it is a dimensionless quantity, the type curve match consisted of a vertical axis overlay (which is fixed) and a floating horizontal axis (which is typically used to find the end of wellbore storage distortion effects). The pressure derivative ratio has found most utility in such interpretations.
In the present work, we have formulated a series of "type curves" which are presented in Appendix B, developed from the β-derivative solutions given in Appendix A.
The primary utility of the β-derivative is the resolution that this function provides for cases where the pressure drop can be represented by a power law function -again, fractured wells, horizontal wells, and boundary-influenced (faults) and boundary-dominated (closed boundaries) are good candidates for the β-derivative. Infinite-acting radial flow -the "utility" case for the Bourdet (semilog) derivative function is not a good candidate for interpretation using the β-derivative as the radial flow regime is represented by a logarithmic approximation which can not be further approximated by a power-law model.
Schematic Case:
In Fig. 1 we present a schematic plot created for illustrative purposes to represent the character of the β-derivative for several distinctly different cases. Presented are the β-derivative profiles (in schematic form) for an unfractured well (infinite-acting radial flow), 2 fractured well cases, and a horizontal well case. We note immediately the strong character of the fractured well responses (p Dβd = 1/2 for the infinite conductivity fracture case and 1/4 for the finite conductivity fracture case). Interestingly, the horizontal well case shows a p Dd slope of approximately 1/2, but the p Dβd function never achieves the expected 1/2 value, perhaps due to the "thin" reservoir configuration that was specified for this particular horizontal well case. We also note that, for all cases of boundary-dominated flow, the p Dβd function yields a constant value of unity, as expected. This observation suggests that the p Dβd function (or an auxiliary function based on the p Dβd form) may be of value for the analysis of production data. For reference, Fig. 1 is presented in a larger format in Appendix B (Fig. B-1 ).
Infinite-Acting Radial Flow:
The β-derivative function for a single well producing at a constant flowrate in an infinite-acting homogeneous reservoir was computed using the cylindrical source solution given in ref.
11. For emphasis, we have generated the β-derivative solution ( Fig. 2) with wellbore storage and skin effects, as this is the typical configuration used for well test analysis. As mentioned earlier, the β-derivative function does not demonstrate a constant behavior for the radial flow case, but as noted in Appendix A, the β-derivative function for the wellbore storage domination flow regime yields p Dβd = 1. Unfractured Well in a Dual Porosity System: We used the pseudosteady-state interporosity model 13 to produce the β-derivative type curves for a single well in an infinite-acting, dual porosity reservoir with or without wellbore storage and skin effects. For these cases, we chose to present our cases (which include wellbore storage) using the type curve format of ref. 14 (the family parameters for the type curves are the ω and α-parameters, where α = λC D ).
In Fig. 4 we present a general set of cases (ω = 1x10 -1 , 1x10 -2 , and 1x10 -3 and λ = 5x10 -9 , 5x10 -6 , and 5x10
) with no wellbore storage or skin effects. Fig. 4 shows the unique signature of the p Dβd functions for this case, but we can also argue that, since this model is tied to infinite-acting radial flow, the p Dβd functions can, at best, be used as a diagnostic to view idealized behavior. In Fig. 5 we present cases where ω = 1×10 
Hydraulically Fractured Vertical Wells:
In this section we consider the case of a well with a finite conductivity vertical fracture where the β-derivative type curves were generated using the Cinco and Meng In Fig. 7 we present the case of a single well with a finite conductivity vertical fracture (C fD = 10) producing at a constant rate in an infinite-acting homogeneous reservoir, with wellbore storage effects included. We observe the characteristic wellbore storage domination behavior (p Dβd = 1), as well as the effect of bilinear (fracture and formation) flow (p Dβd = 1/4). We believe that the p Dβd function (i.e., the β-derivative) will substantially improve the diagnosis of flow regimes in hydraulically fractured wells. Horizontal Wells: Ozkan 16 created a line-source solution for modeling horizontal well performance -we used this solution to generate β-derivative type-curves for the case of a horizontal well, where the well is vertically-centered within an infinite-acting, homogeneous (and isotropic) reservoir. In Fig. 8 The p Dd and p Dβd solutions for the case of a horizontal well with wellbore storage effects are shown in Fig. 9 (L D =100, i.e., a thin reservoir). As expected, we do observe the strong signature of the p Dβd function for the wellbore storage domination regime (i.e., p Dβd = 1). We also note an apparent formation linear flow regime for low values of the wellbore storage coefficient (i.e., C DL < 1x10 -2 ). We believe that this is a transition from the wellbore storage influence to linear flow (which is brief for this case), then on through the transition regime towards pseudo-radial flow. 
Wellbore Storage and Boundary Effects:
In Fig. 10 we present the unique case of wellbore storage combined with closed circular boundary effects (see ref. 17) as a means to demonstrate that these two influences have the same effect (i.e., p Dβd = 1). Another aspect of this particular case is that we show the plausibility of using the β-derivative for the analysis of the boundary-dominated flow regime -i.e., the β-derivative (or another auxiliary form) may be a good diagnostic for the analysis of production data. In particular, the β-derivative may be less influenced by data errors that lead to artifacts in the conventional pressure derivative function (i.e., the Bourdet (or "semilog") form of the pressure derivative).
Application Procedure for β-Derivative Type Curves
The β-derivative is a ratio function -the dimensionless formulation of the β-derivative (p Dβd ) is the exactly the same function as the "data" formulation of the β-derivative [Δp βd (t)]. Therefore, when we plot the Δp βd (t) (data) function onto the grid of the p Dβd function (i.e., the type curve match) the y-axis functions are identical. As such, the vertical "match" is not a match at all -but rather, the model and the data functions are defined to be the same -so the vertical "match" is fixed.
At this point, the time axis match is the only remaining task, so the Δp βd (t) data function is shifted on top of the p Dβd function, only in the horizontal direction. The time (or horizontal) match is then used to diagnose the flow regimes and provide an auxiliary match of the time axis. When the Δp βd (t) function is plotted with the Δp(t) and the Δp d (t) functions, we achieve a "harmony" in that the 3 functions are matched simultaneously, and one portion of the match (i.e., Δp βd (t) -p Dβd ) is fixed.
The procedures for type curve matching the β-derivative data and models are essentially identical the process given for the pressure derivative ratio functions in refs. 9 and 10. As with the "pressure derivative ratio" function (refs. 9 and 10), the Δp βd (t) -p Dβd is fixed, which then fixes the Δp(t) and the Δp d (t) functions, and only the x-axis needs to be resolvedexactly like any other type curve for that particular case. If type curves are not used, and some sort of software-driven, model-based matching procedure is used (i.e., event/history matching), then the Δp βd (t) and p Dβd functions are matched simultaneously, in the same manner that the dimensionless pressure/derivative functions would be matched.
Examples Using the β-Derivative Function
To In all of the example cases we were able to successfully interpret and analyze the well test data objectively by using the β-derivative function [Δp βd (t)] in conjunction with the Δp(t) and Δp d (t) functions. As a comment, for all of the example cases we considered, the β-derivative function [Δp βd (t)] provided a direct analysis (i.e., the "match" was obvious using the Δp βd (t) function -the vertical axis match was fixed, and only horizontal shifting was required). These examples and the modelbased type curves validate the theory and application of the β-derivative function.
Example 1 is presented in Fig. 11 . This is the common format used to view the example cases in this work.
As noted in ref.
18, in this case wellbore storage effects are evident, and for the purpose of demonstrating a variable-rate procedure, downhole rates were measured. In Fig. 11 we note a strong wellbore storage signature, and we find that the p Dβd data function (squares) does yield the required value of unity. The p Dβd data function does not yield a quantitative interpretation -other than the wellbore storage domination region (p Dβd = 1), but this function does also provide some resolution for the data in the transition region from wellbore storage and infinite-acting radial flow. In Fig. 12 we consider the initial literature case regarding well test analysis using the Bourdet pressure derivative function (Δp d ) as shown in ref.
1. This is a pressure buildup test where the appropriate rate history superposition is used for the time function axis. This result is an excellent match of all functions, but in particular, the β-derivative function (p Dβd ) is an excellent diagnostic function for the wellbore storage and transition flow regimes.
Particular to this case is the fact that the pressure buildup portion of the data was almost twice as long as the reported pressure drawdown portion of the data. We note this issue because we believe that in order to validate the use of the β-derivative function (p Dβd ), we must ensure that the analyst recognizes that this function will be affected by all of the same phenomena which affect the "Bourdet" derivative function -in particular, the rate history must be accounted for, most likely using the effective time concept where a radial flow superposition function is used for the time axis. The next example case shown in Fig. 13 is taken from a well in a known dual porosity/naturally fractured reservoir. As we note in Fig. 13 , the "late" portion of the data is not matched exactly with the specified reservoir model (infinite-acting radial flow with dual porosity effects). We contend that part of the less-than-perfect late time data match may be due to rate history effects (only a single production was reported -it is unlikely that the rate remained constant during the entire test sequence).
However, we believe that this example illustrates the challenges typical of what an analyst faces in practice, and as such, we believe the β-derivative function to be of significant practical value. We note that the β-derivative provides a clear match of the wellbore storage domination/distortion period, and the function also works well in the transition to system radial flow. Our next case (Example 4) also considers well performance in a dual porosity/naturally fractured reservoir (see Fig. 14) . From these data we again note a very strong performance of the β-derivative function -particularly in the region defined by transition from wellbore storage to transient interporosity flow. Cases such as these validate the application of the β-derivative for the interpretation of well test data obtained from dual porosity/naturally fractured reservoirs. In Fig. 15 we investigate the use of the β-derivative function for the case of a well in a low permeability gas reservoir with an apparent infinite conductivity vertical fracture (Well 5 from ref. 21). This is the type of case where the β-derivative function provides a unique interpretation for a difficult case.
Most importantly, the β-derivative function supports the existence (and influence) of the hydraulic fracture. Another application of the β-derivative function is also to prove when a flow regime does not (or at least probably does not) exist -the example shown in Fig. 16 is just such a case. In ref.
21 "Well 10" is designated as a hydraulically fractured well in a gas reservoir and in Fig. 16 we observe no evidence of a hydraulic fracture treatment from any of the dimensionless plotting functions, in particular, the β-derivative function shows no evidence of a hydraulic fracture. The well is either poorly fracture-stimulated, or a "skin effect" has obscured any evidence of a fracture treatment -in either case, the performance of the well is significantly impaired. although there is no absolute signature given by the β-derivative function (i.e., we do not observe p Dβd = 1/2 (infinite fracture conductivity) nor p Dβd = 1/4 (finite fracture conductivity)). We do note that p Dβd = 1 at early times, which confirms the wellbore storage domination regime. The p Dd and p Dβd signatures during mid-to-late times confirm the well is highly stimulated -and the infinite fracture conductivity vertical fracture model is used for analysis and interpretation in this case. In Fig. 18 we present Well 207 from ref. 22, another hydraulically fractured well case -this time the well is a water injection well in an oil field, and a "falloff test" is conducted.
In this case there are no data at very early times so we cannot confirm the wellbore storage domination flow regime. However; we can use the β-derivative function to confirm the existence of an infinite conductivity vertical fracture for this case, which is an important diagnostic. In Fig. 19 we present Well 3294 from ref. 22, where the data for this case are somewhat erratic due to acquisition at the surface (i.e., only surface pressures are used). Using the β-derivative function we can identify the wellbore storage domination regime (i.e., p Dβd = 1) and we can also reasonably confirm the existence of an infinite fracture conductivity vertical fracture (p Dβd = 1/2). The quality of these data impairs our ability to define the reservoir model uniquely, but we can presume that our assessment of the flow regimes is reasonable, based on the character of the β-derivative function. In this case the p D and p Dd functions suggest a finite conductivity vertical fracture (note that these functions are less than 1/2 slope). The analysis of these data yields a fairly low estimate for the fracture conductivity (i.e., C fD = 2), where this result could suggest that the injection process is not continuing to propagate the fracture. In Fig. 21 Our last field example is a pressure falloff test performed on Well 2403, also taken from ref. 22. These data are presented in Fig. 22 and we observe the flow regimes for wellbore storage domination (p Dβd = 1), and the infinite-acting radial (p Dd =1/2).
As for characterization of the well efficiency, we can only conclude that the signature appears to be that of a well with a high conductivity vertical fracture, hence our match using the model for a well with an infinite conductivity vertical fracture. In closing this section on the example application of the β-derivative function, we conclude that the β-derivative can provide unique insight, particularly for pressure transient data from fractured wells, pressure transient data which is influenced by wellbore storage, and pressure transient data (and likely production data) which are influenced by closed boundary effects. In addition, the β-derivative function exhibits some diagnostic character for the pressure transient behavior of dual porosity/naturally fractured reservoir systems, although these diagnostics are less quantitative in such cases [i.e., the Δp βd (t) and p Dβd functions do not exhibit "constant" behavior as with other cases (e.g., wellbore storage, fracture flow regimes, and boundary-dominated flow)].
We believe that these examples confirm the utility and relevance of the β-derivative function -and we expect the β-derivative to find considerable practical application in the analysis/interpretation of pressure transient test data and (eventually) production data.
Summary
The primary purpose of this paper is the presentation of the new power-law or β-derivative formulation -which is given by:
This function can be computed directly from data using:
• In addition, the β-derivative also provides a unique characterization of well test behavior in dual porosity reservoirs (although the β-derivative is never constant for these cases, except for the possibility of a rare fractured or horizontal well case).
Finally, we have provided a schematic "diagnosis worksheet" for the interpretation of the β-derivative function (see Appendix C).
Recommendations for Future Work
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